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In this short paper, we give a positive answer to a question of C. D. Godsil
(1983, Europ. J. Combin. 4, 2532) regarding automorphisms of cubic Cayley
graphs of 2-groups: ‘‘If Cay(G, S) is a cubic Cayley graph of a 2-group G and
A=Aut Cay(G, S), does A1 {1 imply Aut(G, S){1?’’  1998 Academic Press
Let G be a finite group, and let S be a subset of G"[1] with S=
S&1 :=[s&1 | s # S]. The associated Cayley graph 1 :=Cay(G, S) is the
graph with vertex set V1=G such that [x, y] is an edge if and only if
yx&1 # S. Let A=Aut 1, the group of all automorphisms of 1, and let A1
be the stabilizer of 1 in A. Then A=GA1 and G & A1=1. Set Aut(G, S)=
[: # Aut(G) | S:=S], the group of automorphisms of G which fix S setwise.
In the investigations of graphical regular representations of groups, the
group Aut(G, S) has played an important role; see [2, 3] for references.
This is because in many circumstances Aut(G, S)=1 if and only if A1=1.
C. D. Godsil in [2] investigated cubic Cayley graph representations of
groups, and proposed the following
Question [2, Problem 4.2]. Suppose that G is a 2-group and that 1 is
a connected graph of valency 3. Does A1 {1 imply Aut(G, S){1?
It is proved in [2, Theorem 4.1] that the answer of the question is
positive in the case where S consists of three involutions (elements of order
2). The purpose of this paper is to give a positive answer to this question
in the general case.
First, we quote some preliminary results. For a group P and a subgroup
H of P, we use Np(H) to denote the normalizer of H in P, that is, Np(H)=
( g # P | H g=H). The following lemma shows that NA(G) is uniquely
determined by the group Aut(G, S).
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Lemma 1 (see [3, Lemma 2.1]). For a finite group G and a subset S of
G"[1], NA(G)=G < Aut(G, S), a semidirect product of G by Aut(G, S).
This property is especially useful for groups of prime-power order because
of the next result.
Lemma 2 (see [5, p. 88]). Let p be a prime, and let P be a p-group.
Then for any proper subgroup H of P, Np(H)>H.
Suppose that N is a normal subgroup of A which is intransitive on
vertices of 1. Then the quotient graph 1N induced by N is defined as the
graph with vertices the N-orbits on V1 such that two N-orbits 21 and 22
are adjacent in 1N if and only if some vertex of 21 is adjacent in 1 to some
vertex of 22 .
The next is the main result of this paper.
Theorem. Suppose that G is a 2-group and that 1 :=Cay(G, S) is a
connected cubic Cayley graph of G. Let A=Aut 1, and let A1 be the stabilizer
of 1 in A. If A1 {1 then Aut(G, S){1.
Proof. Note that A=GA1 and G & A1=1. Since |S|=3, it follows that
A1 is a [2, 3]-group, and therefore, A is a [2, 3]-group and so A is
solvable. Suppose that A1 {1. We need prove that Aut(G, S){1.
Assume that 2 divides |A1 |. By Sylow’s Theorem, there exists a Sylow
2-subgroup P of A which contains G as a proper subgroup. Thus by
Lemma 2, NA(G)NP(G)>G. Consequently, by Lemma 1, we have that
2 divides |Aut(G, S)|, so Aut(G, S) is nontrivial.
Thus we may assume that 2 does not divide |A1 |. Since |A1 |{1, we
have A1 $Z3 . If G is normal in A, then by Lemma 1, Aut(G, S)=A1 {1.
Thus in the following we only need to prove that G is normal in A.
Suppose that G is a 2-group which has the smallest order such that
G is not normal in A. Let N be a nontrivial minimal normal subgroup
of A. Since A is a [2, 3]-group, it follows that N is an elementary
abelian p-group with p=2 or 3. If N is transitive on V1 then by
[6, Proposition 4.4], N is regular on V1. Since |N|=|A|3=|G|, we have
G=N and so G is normal in A, which is a contradiction.
Thus N is not transitive on V1. Let l be the length of an N-orbit on V1.
Then 1<l<|V1 | and l divides |N|; further, since G is transitive on V1, l
divides |V1 |=|G|. Therefore, p=2, N is an elementary abelian 2-group,
and N<G. Let 1N be the quotient graph of 1 induced by N. Note
that A1 $Z3 and so A1 is primitive on S and 1 is edge-transitive. By
[4, Theorem 10.2], either |N|=l, |G : N|>2, and 1N is of valency 3, or
|G : N|=2 and 1N $K2 .
Suppose first that 1N is of valency 3. Let A =AN and G =GN. Since
G is transitive on V1, G is transitive on V1N , the vertex set of 1N . Since
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|G |=|GN|=|V1 |l=|V1N |, G is regular on V1N . It follows from
[1, Lemma 16.3] that 1N is a Cayley graph of G with respect to S , that is,
1N=Cay(G , S ) where S =SNN. Now |G |<|G|, and therefore, by the
minimality of |G|, G is normal in A . Since G is the full preimage of G under
A  A , G is normal in A, which is a contradiction.
Suppose now that |G : N|=2. Then 1 is bipartite and |AN|=6. Thus
AN$Z6 or S3 . If AN$Z6 , then AN has a normal subgroup H such that
Z2 $H=GN IAN. It follows that G is the full preimage of H under
A  AN and so G is normal in A, which is a contradiction. Thus AN$
S3 . Suppose that N$Zd2 for some positive integer d. Let O be an orbit of
A (by conjugation) on N"[1]. Then (O) is a nontrivial normal subgroup
of A which is contained in N. Since N is a minimal normal subgroup of A,
we have (O) =N. Since N is abelian and AN$S3 , |O| divides 6 so that
|O|=2, 3, or 6. In particular, d2.
Assume that d=2, namely N$Z22 . It follows since N is a minimal
normal subgroup of A that A$S4 . Thus G$D8 (the dihedral group of
order 8), and 1 is of order 8. It is known that Q3 , the cube of dimension
3, is the unique symmetric cubic graph of order 8 and valency 3, and
Aut Q3$Z32 < S3 . Thus 1$Q3 and A1 $S3 , which contradicts the fact
that A1 $Z3 .
Thus we have N$3 Z22 so that |O|=3 or 6. Suppose that |O|=3.
Then N$Z32 and each A-orbit on N"[1] is of size 3 or 6. It follows
since |N"[1]|=7 that A (by conjugation) has a fixed point a in N"[1].
Thus (a) is normal in A. However, 1{(a)<N, which contradicts the
assumption that N is a minimal normal subgroup of A.
Hence each A-orbit on N"[1] has size 6. Therefore, 6 divides |N"[1]|
and d=3, 4, 5, or 6. So 6 divides |N"[1]|=7, 15, 31, or 63, which is again
a contradiction.
Therefore, G is normal in A, and this completes the proof of the theorem.
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